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Abstract

The aim of the paper is to establish a non-recursive formula for the general
solution of Fedosov’s ‘quadratic’ fixed-point equation (Fedosov 1994 J. Diff.
Geom. 40213-38). Fedosov’s geometrical fixed-point equation for a differential
is rewritten in a form similar to the functional equation for the generating
function of Catalan numbers. This allows us to guess the solution. An adapted
example for Kaehler manifolds of constant sectional curvature is considered in
detail. Also for every connection on a manifold a familiar classical differential
will be introduced.

PACS numbers: 02.40.Gh, 02.40.Tt, 04.60.—m, 03.65.—w, 02.10.De

1. Introduction

1.1. Deformation quantization

Let (M, I1) be a Poisson manifold. The Poisson bracket {-, -} : C®(M)[[A]] x
C®(M)[[A]] = C*®(M)[[1]], where A is a formal parameter, is defined by
Y
(fig) =T 0o

The central definition in the theory of deformation quantization, established by Weyl and
Moyal [14], Berezin [3, 4], and Bayen, Flato, Frgnsdal, Lichnerowicz and Sternheimer [1, 2],
is as follows.

A star product on (M, IT) is a binary operation x : C*(M)[[1]] x C®(M)[[A]] —
C°(M)[[1]] with the following properties:

* is a C[[A]]-bilinear associative product

fxg =720 ACi(f, g) with bi-differential operators C;
1% f = f = f * 1

Co(f,8) =18

Ci(f,8) —Cig, /) =i/, g}

Dedicated to the memory of Nikolai Neumaier.
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A star product is continuous in the A-adic topology.

Two star products on a Poisson manifold are called equivalent if there exists a formal series
E=id+ Zfil A E; of C[[A]]-linear differential operators E; : C®(M)[[A]] = C*(M)[[1]]
with E(1) =1, E;(1) =0for/ > 1 and

fxg=ENEf+ Eg) V f.geCMIAI

1.2. Fedosov’s quantization of symplectic manifolds

Fedosov’s geometric construction yields elegant, intrinsically defined formulae for all
equivalence classes of star products on symplectic manifolds and is central for their
classification.

According to Cattaneo, Felder and Tomassini the construction can also be adapted to
globalize Kontsevitch’s formality theorem [12] and construct a star product on any Poisson
manifold [6].

The following sketch slightly differs from the one in [18] and Fedosov’s notation and
construction in [8].

1.2.1. The formal Weyl algebra The formal Weyl algebra W ® A* is central in Fedosov’s
quantization of a symplectic manifold (M, w). It is defined by the complexified bundles

oo
W A* ;:(]"[ r*VT*M @ A‘T*M)) (11
5s=0
The C[[A]]-linear degree maps deg, deg,,deg, : W® A®* — W ® A* are defined
in the usual way for a factorable tensor of the shape S ® o with § € I'*°(V*T*M) and
a € T®(AFT*M) by

deg, (S®@a) ==s(S®a)
deg,(S®a) := k(S ® a)

3
deg; (S® ) := Aa(S ® ).

For a € W® A* the notation a = ), yAa) with deg,a} = sa], deg,a} = ka]
and deg; a; = 0 is used. If deg;a = O the formal series notation a = Y,y Aa; with
a; € T®(A*T*M) and deg, a; = 0 is used.

The projection on the functions C*°(M)[[1]] is called o.

Fora=fQaeW@A' andb=g® B € WQ A* by

pna®b) :=(f Vg ®Ap),

an associative graded product u is canonically defined and satisfies the property
na®b) = (=" ub®a,

called anti- or super commutativity. Also the notation a - b := p(a ® b) will be used.

A super derivation D : W ® A* — W ® A** of degree d is a linear map that satisfies

the Leibniz rule
D(a - b) = (Da) - b+ (—1)*a - (Db),
fora € W ® A*. The vector space of super derivations together with the super commutator
[-, -], defined by
Dy, D] :=D; oD, — (=)D, 0 D,
forD; : W® A®* — W ® A**%, is a super Lie algebra.

2
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The degree maps deg,, deg,, deg, are super derivations with respect to .
Letd : WRA®* — W® A and §* : W® A* —> W ® A*~! be defined in local
coordinates by

§:=(1®dx")i,(8) and §8*:= (dx’' ® 1)i,(3;),

where i and i, are the symmetric and anti-symmetric contraction, respectively. The operators
38, §* are p super derivations.
By

s+k

§ g = L&a if deg,a = sa, deg,a =ka ands +k #0
10 if ae COM)[M]

and linear continuation another operator ! : W ® A®* — W ® A*~! is defined.
Symmetry and grading arguments show that §> = (6*)> = (6')? = 0 is valid. Moreover

one has the following homotopy formula.

Lemma 1.2.1 (Poincaré lemma).

88 '+87'8+0 =id.

With the commuting symmetric insertion derivations the product p can be deformed
for every symplectic manifold in the Weyl-Moyal product, or in the case when (M, g) is a
pseudo-Kaehler manifold, © can be deformed in the Wick product as well [5, 16]. Let P be
defined by

Ly ;
P = EH is(0k) ® i5(9y),

with the symplectic Poisson tensor IT in the Weyl case or
P i=2g"i (84) ® iy (32)

with the Kaehler metric g in the Wick case. The Weyl-Moyal product and the Wick product,
respectively, are defined by

aonb:=uo exp(AP)(a ® b).

These products oy are still graded, fiberwise and associative. Because of the shape of the
Weyl-Moyal product the anti-symmetric degree-map deg, and the so-called total degree map
Deg defined by

Deg := deg, +2deg,

are ory derivations. The term of total degree kis a® =" ,,_, Aa’’.
Let

WRA =WOP20 A DWDRA* DWPRA*D .- D {0}

with (72, W@ & A = {0}, be the filtration corresponding to the total degree.
Since the symmetric insertion maps commute § is a super derivation with respect to oyy.
A bilinear super Lie bracket [ - , - ]is defined by

la,bl=aonb— (=D"bopa,
fora e W® Afandb e W® Al and

[a. (b, cT] = [[a, b], ]+ (=D"'[b, [a, c]
is called the super Jakobi identity.
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For every a € W ® A* the adjoint action of a in the Lie algebra, the so-called inner
derivation [a, - ]is defined by

[a, - 1b:=[a, b].
Because ory is associative and grading, the inner derivations satisfy
la, - 1(bon¢) = (la, - 1b) on ¢+ (=D)"bon (a, - 1o)
and are oy super derivations W ® A®* — W ® A**.
The so-called quasi inner derivations
i la, -]
—[a, -
A

are also well defined because of the super commutativity of ;. For example the super derivation
4 can be written as a quasi inner derivation

5=, -]
—) = — w, - |.
A

The equation [D, ila, - ]] = %[Da, - ]is valid if D is a opy super derivation.
For a connection V obviously V. is a u derivation. The maps 8 : W ® A®* — W ® A**!

and 9* : W ® A®* — W ® A*® defined by
3 :=(1®dx")V; and 98*:=(dx' ® )V,

are super derivations with respect to u.
That the following equations are valid

[8,8"] =9, [8*, 3] = 9%, [6,0] =0, [6%,8"1=0

can be shown with the tensor calculus.
A symplectic manifold (M, w) always admits symplectic connections [13]. Because a
symplectic connection is torsion-free and for f ® « € W ® A* the equation

I fRa)=V, fRdx' Aa+ f @ da

is valid.
The Christoffel symbols of a symplectic connection satisfy
ankl
Tt n'rt + ot r! =o,
X
and from calculation it follows that Vj,, is a o derivation. This fact yields that the
map 3 = (1 ® dx’ )V, defined with a symplectic connection V, is a super derivation

W® A* — W ® A**! with respect to ofy.

1.2.2. Recursive flat differentials  The first main step in Fedosov’s construction is the
existence of flat ory super derivations D : W® A® — We A**! of the shape —8 +9 + ,IT[R’ -]
with R e WP ® Al. The condition that (—§ + d + ,IT[R’ - 1)? vanishes is equivalent to the
fact that m := 0 + i[R, - ] obeys the Maurer—Cartan equation

[—8, m]+ 3[m, m] = 0.

Because of
# =R, ]
=R,

where R is given by
R = jw, Rj; dx* v dx' @ dx’ A dx/
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in the Weyl case and

i

2

in the Wick case [5, 16], the curvature of the connection gets involved.
The equations

SR=0 and OR=0

are consequences of the Bianchi identities.
With the Deg-adic topology W® ® A! is a complete ultra-metric space.

R = gk;R%dzk v dZ'®@dz' AdZ,

Theorem 1.2.2. For a formal series of closed two forms Q € AT (A2T*M)[[1]] and every
S e WP @ A® with 6 (S) = 0 there exists a unique element Rg s € W® ® Al satisfying

1
(SRQ’S =Q+R+ 87?,9,3 + )—LRQ’S on Ra.s and 871729,3 =S8.

According to Banach’s fixed-point theorem Rq s is the unique solution of the Fedosov fixed-
point equation

i
RQ’S =435S+ 571 (Q + R+ BRQ’S + XRQ’S on RQ,5> .
In this case the or super derivation Dg s = —6 + 0 + }%[RQ’S, -] is flat.

Since Deg is a oy derivation it is true that Rq s satisfies the recursion
Ro 5(2) . TG

and

.k
2+k —1 2+k -1 1+k) | 1 1+1 k+2—1
RG = @S+ (R+92)* +35 (angm) s Y RO on RS >>
I=1

for k > 1, but a non-recursive formula in this essential theorem is missing in [8].

Furthermore, an example of a non-zero curvature Fedosov construction is missing.

It is the intention of this work to take care and answer these two important issues in the
following sections.

1.2.3. Fedosov star products Let
i
Dos=—56+0d+ X[’RQ,Sa -]

be a flat opy super derivation Dg s : W® A®* — W® A**! on the symplectic manifold (M, ).
The map

1

_ i 51
1-[6-1, 0 + f[Ra.s. - 1]

.
Dq.s:=

is in the Deg-adic topology a well-defined endomorphism Ds;,ls WA - W AT!
because [6~!, 9 + 1[Rq.s, - 1] is a linear contraction mapping.

Lemma 1.2.3 (Deformed Poincaré lemma).
1
Do\sDa.s + Do sDals + - o =id.
1—6-1(3+i[Ras, - 1)

The deformed Poincaré lemma implies that the Fedosov—Taylor series
.5 : COWMD[M] > W& A’ Nker Do.s
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defined by
1
I+ 1 [Ras. - )

is a C[[A]]-linear bijection with inverse o .

Ta.s(f) = = 1( S

Theorem 1.2.4. On a symplectic manifold (M, w) by
fHvasg:=o0(tes(f)on tes(8)

star products are defined.

In the Weyl case xy g s satisfies

iA
favasg=rfe+{f el+ 00,
and in the Wick case v q s satisfies

frvasg—grvas f=irMf gl+O00>).

Theorem 1.2.5 (Equivalence of Fedosov star products). The two Fedosov star products
*v o.s and xy ¢ s on a symplectic manifold (M, w) are equivalent if and only if

[Q] =[Q] € AHI (M, C)[[A]].

Moreover Nest and Tsygan showed in [ 15] that every star product on a symplectic manifold
is equivalent to a Fedosov star product, which substantiates the importance of the Fedosov
construction in deformation quantization.

2. Non-recursive flat differentials

2.1. Non-recursive classical differentials

The projection on the classical part of a quantum Fedosov super derivation W ® A®* —
W ® A**! is independent of Q € AT (A2T*M)[[A]] and in the deg,-adic topology a well-
defined flat ; super derivation [7].

On every manifold there also exists another natural p super differential W @ A® —
W ® A**! of familiar shape in —1 < deg, < 0.

Theorem 2.1.1. In the deg,-adic topology the map D : W ® A* — W ® A**! defined by
D := —exp(8*)8 exp(—3*)
is a well-defined flat . super derivation.

Proof.  Sorting of D in the symmetric degree shows D = ) >~ | D¥, where the super

derivations D° = —(Hl])! Zi;lo(—l)h (S;l)(a*)”l*ha(a*)h WA — W A satisfy
the recursion D! = —§ and D* = ﬁ[ﬁ*, D11 Vs> 0.

That D squares to zero is easy to see because of 8> = 0 and the exponential addition
theorem.

Calculation shows

D = —(1®dx")i;(3) + (1 ® dx")Vy, — 5(dx’/ @ dx')(R(3;, 0;) — T}7'V,,) + {deg, > 2}.

'm
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2.2. Non-recursive Fedosov differentials

Applying the geometrical series (1 — §~'3)~! on the Fedosov fixed-point equation
Ras=8S+8 "(Q+R) +5 'aRq.s + ja—‘[ng,s, Ra.s]

shows a new ‘quadratic’ fixed-point equation

Ra.s =Rg s+ Ra sO0Ra.s

where

1
Rosi= ———(@S+8 ' (Q+R
S e pr=ri ( )
is the inhomogeneity and the non-fiberwise binary operation ¢ : W ® A¥) x W ® Al) —
W ® A*=1 defined by

i 1
e —— )
0 201 —6719 [ ]
replaces the fiberwise binary operation i e,

The two fixed-point equations are equivalent, in the sense that they define the same unique
fixed point but the linear term §~' 3 in the contraction mapping, defining the unique fixed point,
is canceled.

The bilinear binary operation ¢ : W@ A x W® A) - W® A' is commutative
but non-associative. The next well-known lemma explains why the new fixed-point equation
for Rq s should be called the standard ‘quadratic’ fixed-point equation.

Lemma 2.2.1 (Parentheses and Catalan numbers). There exist

oL <1—«/1—4z>(0)

" o agn 2

different ways in which a sequence of n factors a; and n — 1 binary operations {; can be well
parenthesized.

The reason for this lemma is that the generating function of the Catalan numbers
C(2) == Y .2, Cuz" satisfies C(z) = z + C?(z) because of the Cauchy product and the
recursion Cy = 0,Cy =1and C, = 7;11 C;C,_; ¥ n > 2. The definition as a formal series
and Cyp = Oresultin C(z) = (1 — /1 —4z)/2.

The equation C,, = %(2:_712) V n € N* is well known.

The quadratic equation for the generating function of Catalan numbers is central to the
solution of Fedosov’s fixed-point equation with a similar structure.

To distinguish all different parentheses numbering them by (a0 - - - On—1a,), or just

(a)‘,?” if ; = a and ¢; = ¢ with 1 < p < C,, makes sense.

Theorem 2.2.2. The Fedosov derivation Dq is

(3r 75=r38 'L D

. oo C
i . 1 1 .

n=1 p=1 p

Proof. The unique fixed point Rq s of the standard ‘quadratic’ contraction mapping
QWP @A - WP ® Al defined by
0(@) :=Rg s +(@7?

is required.
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By degree counting
O (W(2+n/) ® Al) x (W(2+”") ® Al) —s B+ ® Al,
and
(RQ,S)[?(1+}1) c W g Al

is obvious.
Induction over N shows that the Banach fixed-point iteration is

OV*1(0) = Ras+ (Ras + (Ras+ (... (Ras + (Ras) V)02 .. )99 0302,

N

In this non-associative setting the right suggestion is to take all different parentheses.

Because of the Catalan recursion it is in some sense a universal formula that by
R:=3 ", Zgg 1 (R)%", if it is convergent, a fixed point R of a standard ‘quadratic’ fixed-
point equation of the form R = R+ (R) ?2 is defined. The following calculation shows that
the unique fixed point Rg s € W® ® A! of the Fedosov fixed-point equation is

oo C, 1
Ra.s = Z Z <m(5s +87 N (Q+ R)))
n=1 p=1

First of all limy o Y0, Zg;l (Ro.5)$" € WP ® Al is clearly convergent and well
defined in the Deg-adic topology:

C e =rr I S

p

N G,

N G,
QRas) =0 | lim 3 > (Ras)" | = ngnooQ(ZDRg,s),?”)

n=1 p=1 n=1 p=1

1 : n n, n n,
= Reo)!' + lim 1 > Ry ORes))"+ Y Ras)i"ORes)y
N—o00 pi Dr )2 Dr

ny €Nt 1<n; , <N

np+ny KN+1 nptny = N+2

1<p; r<Cnj, 1<p1r<Cn,

Because of
(RQ,S)[?(2+N) e W(3+N) ® Al

the last term converges to zero in the Deg-adic topology and the calculation results in

ORas) = Re){'+ Y (Ras)I"ORes)" =Ras.

ny Nt n>2
np+ny=n
1<p1r <Cny,

3. The Fedosov construction for C"*, D" and CP"

The deformation quantization of the complex projective space CP" is from a physical point of
view an interesting example for the reduced phase space of an isotropic harmonic oscillator
with n + 1 degrees of freedom.

8
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3.1. The Fedosov differential for C", D" and CP"

Theorem 3.1.1. For a Kaehler manifold of constant holomorphic sectional curvature C, Wick
case of Fedosov construction and every formal power series f()) € C[[\]] the flat connection

D_sryw IS

DI(MS/T=4r(F) +IC
D_tpf0y0 =0 — —|:Z( 1)"(21 DG )r:!/(2k)" (f)+ )>gvnp’ j|’

where p and g¥" p denote p = gl;(dz" ® Ej - d_zj ® dZ)andg""p =gV ...V g-p.
—_—
n

Proof. At first the super derivation § can be written as a quasi inner derivation § = ﬁ [p, - 1
It is common sense [11] that the curvature tensor of a Kaehler manifold M of constant
holomorphic sectional curvature C satisfies
Ryi7 = —C(8u&i7 + 878i)-
and M is holomorphically isometric to C", D" or the complex projective space CP" if C = 0,
C < 0or C > 0if M is simply connected.

Proposition 3.1.2. IfVxQ = VxR = 0 forall X € I'*°(T M) the fixed point Rq only has
odd numbers of total degree Deg > 3, is likewise covariant constant and given by

oo C,

Ro=Y Y6 (R+anF ",

n=1 k=1

The proof of this proposition is based on the two facts that Vy is a o derivation
and commutes with §=!. These facts imply that the geometric series (id — §7'9)~! in
theorem 2.2.2 break off to the identity.

That the even numbers of total degree Deg > 4 vanish is easy to prove by induction over
the total degree, because ' (Q + R) only has odd numbers of total degree Deg > 3.

For

1 . 4
Qp=20f(N)~g7dz' AdZ/ = —4rf(Mw € AL (A2T*M)[[A]],
' i
the proposition 3.1.2 and Ry;;; = —C (88,7 + gkygii) imply

oo C,

CTRIE Y
=S (e 0+ 5e0) :
n=1 k=1
Only the Kaehler metric and insertion operators appear in this equation.
Proposition 3.1.3.
i min n1 I‘Lz n
vy _8_1 . . ) 22)'n! vni+n,—n )
g"p (2/\ [ Z 20)"n! e p
With the identity

m[@z)(ﬁ1>+<n"fl>(':>+(;:></fl)}
Rl )

for n, ny, ny € N the proof of the proposition is a straightforward calculation.



J. Phys. A: Math. Theor. 43 (2010) 235404 J Loffler

A projection of the proposition 3.1.3 on deg, = 0 and calculation results in a formula for
the classical part of R,

C, (C\"
2n+l __ —n vn
Ra; " == <5> g"p.
The two propositions 3.1.2 and 3.1.3, taken together, imply

o0
Re, =) Ca(2h)g""p
n=0
with C,(21) € C[[A]].
The explicit combinatoric of proposition 3.1.3 and the ‘quadratic’ fixed-point equation

result in the recursion
1+ /1 —4rf()

Co(2M) = )
0(2A) 5
and
—b, £ /b2 —4i(21)"nlc,
Cpe(2)) = - n>1,
2i(21)"n!

where b, and c,, are
n—1
by=—1+20) cm(zx)(zx)mm!(”)
nj
l’l[:0

and

n—1
¢, = izcm(Z)L)an(2A)(2)L)n1+nz—n(n1 +ny — n)!< nj )( np )

n—np n—ng
ny,ny=1

The equation

C,(20) = (=)™ (

Yo (=D () VT—=4r(F () +1C) Vi > 1
2in!(2n)" ~

can be proved by induction.
At first the well-known fact

Z(—l)mm"(”) —0,
m=0 m

if n € N" and k € N with k < n, is locking out principal Laurent parts of C,,(21).
The so-called trinomial revision

h\(m\ (h\(h—k
m)\k)  \kJ\m—k
and a lemma known as orthogonality

f: (_1)m|+m my m — 81712
m ) \im; m

m=m,
if m;, my € N, are helpful for computing in the inductive step.

Some substitutions and the orthogonality by induction over n show the following
proposition, which is helpful for the calculation of the discriminant in the inductive step.

Proposition 3.1.4. Ifl;,l, e N, n e Nt and0 < 1,1, < n,
n+1 - - n+l1—10 ny ny i
_ -1 ni+ny = (=1 n+118|. .
(11 ) ZIZI( ) (n+1—n2><n+l—n1><ll> (=D,
ny=t np=l

10
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3.2. Fedosov star products for C", D" and CP"

Theorem 3.2.1. For a formal power series f (L) € C[[A]], Wick case and the closed two-
form Q= —4rf(Mw € AL (A2T*M)[[A]] the purely holomorphic part 7w;tq, (h) and the
purely anti-holomorphic part 7z, (8) of the Fedosov-Taylor series on Kaehler manifolds of
constant holomorphic sectional curvature C are

oo n—1 1 » )
7ee, (k) = Z(“ T a0 +lC))(51 %)h

n=0 \ /=0

and

oo [n—1 1 B .
eva, (8) = Z(“ JT=4( ) +lc>)((SZ %)'s

n=0 \ /=0

Proof.  According to Neumaier [16] the purely holomorphic part 7, 7o, (h) and the purely
anti-holomorphic part 777q, (g) of the Fedosov—Taylor series satisfy independent fixed-point
equations in special cases.

Lemma 3.2.2.
1. If 1, Rwick = 0, then m,tyick(h) Y h € C®°(M)[[A]] satisfies
_ i
7T, Twick (M) = h +§; l(az”szick(h) — 7 (772 Twick (1) owick RWick))~
2. If mzRwick = 0, then mzTyick(g) Y g € C®(M)[[A]] satisfies the equation
_ i
T=Twiek(§) = g + 87 (&znffwick(g) + X”Z(RWick Owick 7 Twick (g))).
~ The next proposition is a test of the fiberwise operations %8; "7 [g"p, - ] and
X '77.[g¥™p, - ]onsymmetric and purely holomorphic or purely anti-holomorphic elements.
Proposition 3.2.3.
1. IfS e T®(\V*T*M) with,S = S, then
i —1
——57 ' (Son gV p) =12(20) " m! <s )S.
A m

2. If S € T®(V*T*M) with w8 = S, then

i -1 vm T : m s—1
+—6 mz(g""pon S) =12(21)"m! S.
Al m
This proposition again follows by a straightforward calculation and implies

oo oo
w1, (h) =Y T,(2)(87'0.)"h and meto,(g) = Y T.(21)(8:'0:)"g.
n=0 n=0
The fixed-point equations of Neumaier 3.2.2, theorem 3.1.1, proposition 3.2.3 and the
orthogonality, taken together, yield the recursion
T,20) = 1 = T((21)

and

Ti1(20) = /1 —40(f () + (n — DO)T,(21) = T,—1(21)
Vn>l. |

11
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Neumaier showed in [16] that Fedosov’s construction on a pseudo-Kaehler manifold is
universal in the sense that it yields all star products of Wick type.

Another result in [16] is that the purely holomorphic part 7, 7yck (k) and the purely anti-
holomorphic part m7tyick(g) of the Fedosov—Taylor series are sufficient for calculating the
Wick-type star product by

h *wick § = U(nszick(h) Owick nfrwick(g))~

The explicit formulae of theorem 3.2.1 finally result in

Theorem 3.2.4. For a Kaehler manifold M of constant holomorphic sectional curvature C
and the closed two-form Qy := —4Lf(Mw € AL (A2T*M)[[A]] the Fedosov Wick-type star
product xq, C*(M)[[A]] x C*(M)[[A]] = C(M)[[A]] is

00 n—1

Q)" 1 e e
hmfgzg n! gl—mm)uc) wo P((70)"h @ (570:)s).

4. Conclusion

A non-recursive formula for the unique solution of Fedosov’s ‘quadratic’ fixed-point equation
in the general case was shown. This result is of interest because this fixed point is the corner
stone in Fedosov’s deformation quantization of symplectic manifolds and offers a method
to formulate index theorems [9, 10, 17]. Also the proof could be interesting to deal with
nonlinear, in some sense ‘quadratic’ fixed-point equations.

An adapted example for Kaehler manifolds of constant holomorphic sectional curvature
C was considered in detail. This example is the first non-zero curvature example of a Fedosov
construction.

A classical flat super derivation, well defined in the deg -adic topology and with familiar
shape in —1 < deg, < O likewise the classical part of the Fedosov super derivation, was
introduced.
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